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Abstract
We study statistical characterization of the many-body states in exactly
solvable models with internal degrees of freedom. The models under con-
sideration include the isotropic and anisotropic Heisenberg spin chain, the
Hubbard chain, and a model in higher dimensions which exhibits the Mott
metal-insulator transition. It is shown that the ground state of these systems
is all described by that of a generalized ideal gas of particles (called exclusons)
which have mutual exclusion statistics, either between different rapidities or
between different species. For the Bethe ansatz solvable models, the low tem-
perature properties are well described by the excluson description if the degen-
eracies due to string solutions with complex rapidities are taken into account
correctly. For the Hubbard chain with strong but finite coupling, charge-spin
separation is shown for thermodynamics at low temperatures. Moreover, we
present an exactly solvable model in arbitrary dimensions which, in addition
to giving a perspective view of spin-charge separation, constitutes an explicit
example of mutual exclusion statistics in more than two dimensions.
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I. INTRODUCTION
Elementary particles or excitations are usually classified either as boson or as fermion. In
recent years, however, it has been recognized that particles with “fractional statistics” inter-
mediate between boson and fermion can exist in two-dimensional [1] or in one-dimensional
[2,3] systems. In two dimensions, a type of fractional statistics can be defined on the basis
of the phase factor, exp(iθ) with θ allowed to be arbitrary, associated with an exchange of
identical particles. One has θ = 0 for bosons and θ = π for fermions. A particle obeying
such fractional statistics (with θ 6= 0 or π) is called as “anyon” [4]. It is believed that
the quasiparticles and the quasiholes in the fractional quantum Hall liquids are anyons [5].
Anyons can exist only in two spatial dimensions due to the braid group structure associated
with them [6].
Another aspect of quantum statistics involves state counting, or the exclusive nature of
the particles. Any number of bosons can be in a single-particle quantum state. Therefore
there is no exclusion between bosons. On the other hand, the exclusion is perfect for
fermions in a sense that a single particle state can accommodate at most one fermion. This
aspect of quantum statistics can be generalized, as noticed by Haldane [3], who proposed a
definite generalization of Pauli principle such that one can consider particles with non-perfect
exclusion. He pointed out that a spinon in one-dimensional long-range interacting quantum
spin chain can exclude, on average, half of other spinon in occupying a single particle state.
We shall call such a generalization as “exclusion statistics” and a particle obeying it as
an “excluson”. In contrast to usual bosons and fermions, the general concept of exclusons
allows mutual statistics. Namely, there may exist statistical interactions or mutual exclusion
between different species of particles. Haldane has recognized [3] that quasiparticles in the
fractional quantum Hall fluids are exclusons with mutual statistics between quasi-electrons
and quasi-holes.
Thus the concepts of fractional anyon statistics and exclusion statistics constitute gener-
alizations of two different aspects (exchange phase and exclusion) of usual quantum statistics.
An essential difference between the two concepts is that anyons can exist only in two spatial
dimensions, while in principle exclusons may exist in any dimensions.
Recently, one of us [7] introduced the concept of generalized ideal gas of exclusons (see
Sec. II for definition), and showed that its thermodynamic properties can be easily under-
stood through a statistical distribution that interpolates between bosons and fermions. Later
Bernard and Wu [8] have shown that the Bethe ansatz solvable models in one dimension
can be described as an ideal (or non-interacting) excluson gas. This exemplifies that in
certain circumstances particle-particle interactions can be totally absorbed by the statistical
interactions. (A possible relation to a conformal field theory was discussed by Fukui and
Kawakami [13].) Thus the concept of exclusion statistics may become a powerful tool in
understanding certain interacting many-body problems. For example, recently it has been
shown [9] that the essential features of low-temperature physics of Luttinger liquids in one
dimension can be approximately described by a system of noninteracting exclusons. This
may provide a new approach to interacting many-body systems.
The examples considered by Bernard and Wu are the repulsive δ-function boson gas [10]
and the Calogero-Sutherland model [11]. Both of them contain only single species. The
present paper is a follow-up to study statistical interactions or mutual statistics in exactly
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solvable models with internal quantum numbers. We will discuss one-dimensional Bethe
ansatz solvable models such as the isotropic (XXX) and anisotropic (XXZ) Heisenberg chain,
and the Hubbard chain. In addition, we will consider an exactly solvable model in arbitrary
dimensions proposed by two of us [12], which has the Mott metal-insulator transition. A
common feature in all these models is that there exists mutual exclusion either between
particles of different rapidities or between different species.
In this paper we are going to address the following two questions. First, many Bethe
ansatz solvable models with internal degrees of freedom allow solutions of the Bethe ansatz
equations with complex rapidities, while a naive analysis of Yang-Yang thermodynamic
Bethe ansatz in terms of exclusons deals only with excitations which correspond to solutions
with real rapidities. The question is whether these excitations are sufficient to give correct
thermodynamic properties at low temperatures or not. Previously in ref. [13] the same topic
of thermodynamics in terms of exclusons with multi-species is discussed without addressing
this problem in the Bethe ansatz solvable models. For the Heisenberg spin chain, we ex-
plicitly show that at the isotropic antiferromagnetic point (with the anisotropy parameter
∆ = 1), the generalized ideal excluson gas of excitations with real rapidities does give cor-
rect low-temperature behavior if a double degeneracy of the excitations induced by complex
rapidities is taken into account. The second question deals with the excluson description for
the physically interesting phenomenon of charge-spin separation. Both the Hubbard chain
and the exactly solvable model in higher dimensions exhibit this phenomenon under certain
conditions. We will show that when this happens, indeed the two models can be described
by two species (spin and charge) of exclusonic excitations with nontrivial mutual statistics.
Particularly the latter model provides an example of (mutual) exclusion statistics in more
than two dimensions. We note that our treatment of the models differs from that presented
in ref. [14].
II. EXCLUSON DESCRIPTION
We consider a system with a total number N =
∑
j,µN
µ
j of particles or quasiparticles, where
Nµj is the number of particles of species µ with a set of good quantum numbers, collectively
denoted by j, specifying the states. Following [7], we assume that the total number of states
with {Nµj } is
W =
∏
i,µ
[
Dµi ({N
ν
j }) +N
µ
i − 1
]
!
Nµi !
[
Dµi ({N
ν
j })− 1
]
!
, (2.1)
where Dµi ({N
ν
j }) is the number of available single particle states (counted as bosons), which
by definition is given by
Dµi ({N
ν
j }) +
∑
j,ν
gµνij N
ν
j = G
µ
i , (2.2)
with statistical interactions gµνij . Here G
µ
i is the number of available single particle states
when there is no particle in the system. Namely, Gµi = D
µ
i ({0}). The derivative of (2.2) is
∂Dµi ({N
ν
j })
∂Nνj
= −gµνij , (2.3)
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agreeing with the original definition for “statistical interactions” proposed by Haldane [3].
When the pair (i, µ) differs from (j, ν), we call gµνij mutual statistics between particles labelled
by (i, µ) and those by (j, ν).
We further assume that the total energy of the system with {Nµj } particles is always
simply given by
E =
∑
j,µ
Nµj ǫ
µ
j (2.4)
with constant ǫµj . Equations (2.1), (2.2) and (2.4) define the generalized ideal gas of exclusons
[7]. It is known that (2.4) is not satisfied for free anyons [15]. One of us [7] has derived
statistical distribution for generalized ideal gas and the thermodynamics following from it.
The equilibrium statistical distribution for {Nµi } is determined by
wµi N
µ
i +
∑
j,ν
gµνij N
ν
j = G
µ
i , (2.5)
where wµi satisfy the equations
(1 + wµi )
∏
j,ν
(
wνj
1 + wνj
)gµν
ji
= exp
[
ǫµi − a
µ
T
]
, (2.6)
where aµ is the chemical potential for particles of species µ. The thermodynamic potential
is given by
Ω ≡ −T logZ (2.7)
= −T
∑
µ,i
Gµi log
[
Gµi +N
µ
i −
∑
j,ν g
µν
ij N
ν
j
Gµi −
∑
j,ν g
µν
ij N
ν
j
]
, (2.8)
where Z is the grand partition function.
III. THERMODYNAMIC BETHE ANSATZ
A large class of models which can be interpreted as generalized ideal gas is the Bethe ansatz
solvable models in one dimension. It is well known that the generalized ideal gas actually
represents a system of interacting particles. The Bethe ansatz method can be applied to
systems with the special property that all the scattering amplitudes for many quasiparticles
can be written in terms of two-body scattering amplitudes [16]. As a result, the eigenvalue
problem of a Bethe ansatz solvable system is reduced to solving the so-called Bethe ansatz
equations [17].
In general, the Bethe ansatz equations may be rewritten as
Lpµ(λ
µ
ℓ ) = 2πI
µ
ℓ +
∑
m,ν
θµν(λ
µ
ℓ , λ
ν
m), (3.1)
with θµν(λ
µ
ℓ , λ
ν
m) being the the two-body scattering phase shift between the quasiparticles
with rapidities λµℓ and λ
ν
m. Here L is the size of the system, pµ(λ
µ
ℓ ) is a function of the
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rapidity λµℓ (or the quasi-momentum), and {I
µ
ℓ }ℓ,µ is a set of integers or half-odd integers.
We assume that the integers {Iµℓ } satisfy I
µ
ℓ+1 > I
µ
ℓ . We restrict ourselves to the solutions
of Eq. (3.1) with rapidities λµℓ all real. It is known that solutions with complex rapidities
do exist for many of Bethe ansatz solvable systems. But we have not been able to deal with
the problem of state counting for such solutions. Below we will address, in several concrete
examples, the question of how important are the contributions of solutions with complex
rapidities to low-temperature properties of the system.
Subtracting the Bethe ansatz equations (3.1) for adjacent rapidities λµℓ gives
L
[
pµ(λ
µ
ℓ+1)− pµ(λ
µ
ℓ )
]
= 2π(Iµℓ+1 − I
µ
ℓ ) +
∑
m,ν
[
θµν(λ
µ
ℓ+1, λ
ν
m)− θµν(λ
µ
ℓ , λ
ν
m)
]
. (3.2)
Following [18,2], we introduce a particle density
ρµ(λ
µ
ℓ ) =
1
L(λµℓ+1 − λ
µ
ℓ )
(3.3)
and a hole density
ρhµ(λ
µ
ℓ ) =
Mµℓ
L(λµℓ+1 − λ
µ
ℓ )
, (3.4)
where Mµℓ ≥ 0 is the number of the holes in the branches of the Bethe ansatz equations
(3.1), i.e., the number Mµℓ is given by
Iµℓ+1 − I
µ
ℓ = 1 +M
µ
ℓ . (3.5)
In terms of these densities ρµ and ρ
h
µ, we can rewrite the Bethe ansatz equations (3.2) as
L
2π
p′µ(λ
µ
i )∆λ
µ
i = Lρµ(λ
µ
i )∆λ
µ
i + Lρ
h
µ(λ
µ
i )∆λ
µ
i +
1
2π
∑
j,ν
[
θ′µν(λ
µ
i , λ
ν
j )∆λ
µ
i
]
Lρν(λ
ν
j )∆λ
ν
j , (3.6)
where we denote the derivative of a function f by f ′. Here Lρµ(λ
µ
i )∆λ
µ
i and Lρ
h
µ(λ
µ
i )∆λ
µ
i
are, respectively, the number of the quasiparticles and the number of the quasihole in the
interval ∆λµi . The total number of possible choices of states with densities {ρµ} and {ρ
h
µ} is
given by
WTBA =
∏
i,µ
{
L[ρµ(λ
µ
i ) + ρ
h
µ(λ
µ
i )]∆λ
µ
i
}
!
[Lρµ(λ
µ
i )∆λ
µ
i ]!
[
Lρhµ(λ
µ
i )∆λ
µ
i
]
!
. (3.7)
This number WTBA of states, obtained from the Bethe ansatz equations (3.6), is of the
exactly the same form as Eq. (2.1) for the number W of states in a generalized ideal gas of
exclusons with the statistical interactions given by Eq. (2.2). In fact, we get the equivalence
by setting
Gµi =
L
2π
p′µ(λ
µ
i )∆λ
µ
i , (3.8)
Nµi = Lρµ(λ
µ
i )∆λ
µ
i , D
µ
i ({N
ν
j }) = Lρ
h
µ(λ
µ
i )∆λ
µ
i , (3.9)
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and
gµνij = δijδµν +
1
2π
θ′µν(λ
µ
i , λ
ν
j )∆λ
µ
i . (3.10)
In the thermodynamic limit, the Bethe ansatz equations (3.6) become
1
2π
p′µ(λ) = ρ
h
µ(λ) +
∑
ν
∫
gµν(λ, λ′)ρν(λ
′)dλ′ (3.11)
with the statistical interactions
gµν(λ, λ′) = δµνδ(λ− λ
′) +
1
2π
θ′µν(λ, λ
′). (3.12)
The key point is that the Bethe ansatz equations (3.11) are equivalent to the equations (2.2)
of the statistical interactions in the excluson formalism.
Here we stress once more that in the above we have considered only solutions with real
rapidities. The equation (3.12) for statistical interactions refers only to such excitations. But
its validity is obviously independent of whether these solutions of Bethe ansatz equations are
complete or not. Though right now we do not know how to do state counting for solutions
with complex rapidities, we feel it plausible that a bit more complicated excluson picture
may still apply.
IV. THERMODYNAMIC FORMALISM AT FINITE TEMPERATURES
The thermodynamic formalism for Bethe ansatz solvable models at finite temperatures
was first developed by Yang and Yang [2] for the cases without internal degrees of freedom.
This formalism has been justified, e.g. , for a one-dimensional Bose gas with repulsive point
interaction [19]. In this section, we briefly review a straightforward generalization of the
Yang-Yang thermodynamic formalism in general setting with internal degrees of freedom,
and show that it is actually the same as generalized ideal gas with the identification (3.8)-
(3.10).
In the thermodynamic limit, the number of particles of species µ per volume is given by
Nµ
L
=
∫
dλ ρµ(λ). (4.1)
From (3.7), we have the entropy S = logWTBA as
S
L
=
∑
µ
∫
dλ
{[
ρµ(λ) + ρ
h
µ(λ)
]
log
[
ρµ(λ) + ρ
h
µ(λ)
]
− ρµ(λ) log ρµ(λ)− ρ
h
µ(λ) log ρ
h
µ(λ)
}
.
(4.2)
We assume that the total energy per volume is expressed as
E
L
=
∑
µ
∫
dλ ρµ(λ)ǫ
0
µ(λ) (4.3)
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in terms of an energy density ǫ0µ. As a rule, this assumption is always satisfied in Bethe
ansatz solvable models.
The thermodynamic potential Ω at equilibrium with temperature T can be evaluated by
minimizing
Ω = E −
∑
µ
aµNµ − TS (4.4)
with respect to the variation of the densities ρµ and ρ
h
µ. Here aµ is the chemical potential.
As a result, we have [7,2]
Ω
L
= −
T
2π
∑
µ
∫
dλp′µ(λ) log
[
1 + w−1µ (λ)
]
, (4.5)
where the functions wµ are determined by the equations
log[1 + wµ(λ)]−
∑
ν
∫
dλ′gνµ(λ′, λ) log
[
1 + w−1ν (λ
′)
]
=
ǫ0µ(λ)− aµ
T
. (4.6)
The particle densities ρµ at equilibrium are determined by the Bethe ansatz equations
1
2π
p′µ(λ) = ρµ(λ)wµ(λ) +
∑
ν
∫
gµν(λ, λ′)ρν(λ
′)dλ′. (4.7)
The hole densities are given by ρhµ = ρµwµ.
For the thermodynamics reviewed here, the following cautious remark is in order. We
have followed the Bethe ansatz method [17] to reduce the energy eigenvalue problem in
the models to solving the so-called Bethe ansatz equations. However, it has not yet been
generally proved that all the solutions to the Bethe ansatz equations provide the complete
set of energy eigenstates [20]. In particular, it has been known in a number of cases that
there are solutions with complex rapidities to the Bethe ansatz equations in addition to
those with real rapidities. Though exact thermodynamics must deal with all eigenstates in
a complete basis, low-temperature properties of a system, which are main focus of interests
in many situations and in the present paper, might involve only a set of solutions that are
not necessarily complete. It has been shown that the ground state at absolute zero always
corresponds to a solution with all rapidities real. A sensible question is thus whether the
solutions with real rapidities are enough for accounting for low-temperature properties of the
system. A way of investigating this problem is to apply the thermodynamics reviewed above
to some cases where the exact thermodynamics has been studied by ways that avoid the
completeness assumption, and then compare the results to the exact ones. One well-known
example of such cases is the Heisenberg spin chain, which we are going to study in next
section.
V. ISOTROPIC AND ANISOTROPIC HEISENBERG SPIN CHAINS
In this section, we apply the formalism reviewed in the last section to the isotropic and
anisotropic quantum spin-1/2 chains. On one hand, for the spin-1/2 isotropic Heisenberg
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antiferromagnetic chain at low temperatures, we are able to explicitly demonstrate the
magnon excitations (des Cloizeaux-Pearson-Faddeev-Takhtajan mode [21,22]) in the exclu-
son description. On the other hand, we will show that for the isotropic antiferromagnetic
chain, the low temperature behavior obtained from a generalized ideal gas of the doubly de-
generated or spin-1/2 excitations with real rapidities does agree with the known exact results
[23,24] which are obtained in other ways without invoking the completeness assumption of
string solutions [26]. Here we stress that for getting the correct results, it is necessary to take
into account a double degeneracy of the excitations induced by complex rapidities. Strictly
speaking, the solutions of the Bethe-Ansatz equations excitations with only real rapidities
generally do not properly account for the low-temperature behavior, so other solutions with
complex rapidities have to be included. This problem has not been addressed in the previous
treatment [13] on mutli-component systems in one dimension.
A. Spin-1/2 Isotropic (XXX) Heisenberg Chain
The Hamiltonian of the spin-1/2 XXZ chain is given by
H =
L∑
j=1
[
Sxj S
x
j+1 + S
y
j S
y
j+1 +∆(S
z
jS
z
j+1 − 1/4)
]
(5.1)
with the periodic boundary condition SL+1 = S1, where Sj is the spin-1/2 operator at site
j, and ∆ is the anisotropy parameter.
First consider the isotropic (∆ = 1) Heisenberg chain. As is well known, for this model,
Bethe [17] first reduced the eigenvalue problem of the Hamiltonian to solving the so-called
Bethe ansatz equations
2L tan−1(2λα) = 2πIα + 2
M∑
β=1
tan−1 (λα − λβ) , (α = 1, 2, · · · ,M), (5.2)
where M is the number of down spins. The energy eigenvalues are given by
E = −
M∑
α=1
2
1 + 4λ2α
. (5.3)
Comparing (5.2) with (3.1), we have
p(λα) = 2 tan
−1(2λα) (5.4)
and
θ(λα, λβ) = 2 tan
−1 (λα − λβ) . (5.5)
Further, from (3.12), we get the statistical interactions between magnons as
g(λ, λ′) = δ(λ− λ′) +
1
π
1
1 + (λ− λ′)2
. (5.6)
Yang and Yang proved [27] that the ground state at T = 0 indeed corresponds to a solution
with all rapidities real, so that it is the same as the ground state of a generalized ideal gas
with above statistical interactions.
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B. Spin-1/2 Isotropic Heisenberg Chain at Low Temperatures
By substituting the results in Section VA into (4.5) and (4.6), we get the thermodynamic
potential Ω as
Ω
L
= −
T
2π
∫ ∞
−∞
dλ
4
1 + 4λ2
log
[
1 + e−ǫ(λ)/T
]
, (5.7)
where ǫ = logw is determined by the equation
ǫ(λ) = −
2
1 + 4λ2
+
T
π
∫ ∞
−∞
dλ′
1
1 + (λ− λ′)2
log
[
1 + e−ǫ(λ
′)/T
]
(5.8)
Further, from (4.7), we have
ρ(λ)
[
1 + eǫ(λ)/T
]
=
1
π
2
1 + 4λ2
−
1
π
∫ ∞
−∞
dλ′ρ(λ′)
1
1 + (λ− λ′)2
. (5.9)
First consider the zero temperature limit. Then (5.8) and (5.9) become
ǫ(λ) = −
2
1 + 4λ2
−
1
π
∫ ∞
−∞
dλ′
1
1 + (λ− λ′)2
ǫ(λ′) (5.10)
and
ρ(λ) =
1
π
2
1 + 4λ2
−
1
π
∫ ∞
−∞
dλ′ρ(λ′)
1
1 + (λ− λ′)2
. (5.11)
Since these equations are, respectively, linear with respect to the unknown functions ǫ and
ρ, one can easily obtain the solutions as
ǫ(λ) = −
π
2 cosh πλ
(5.12)
and
ρ(λ) =
1
2 cosh πλ
. (5.13)
By substituting (5.13) into the right-hand side of (5.9), i.e., by iteration, we get the
expression
ρ(λ) =
1
2 cosh πλ
1
1 + eǫ(λ)/T
(5.14)
at low temperatures.
To clarify the physical meaning of (5.12) and (5.14), we introduce a new variable k ∈ [0, π]
by
sinh πλ = − cot k. (5.15)
In terms of k, we can rewrite (5.12) and (5.14) as
9
ǫ(λ) = εk = −
π
2
| sin k| (5.16)
and
ρ(λ)dλ =
1
2π
dk
1 + eεk/T
. (5.17)
Equation (5.16) implies that hole-like excitations have the dressed energy εhk = π| sin k|/2,
which is nothing but the des Cloizeaux-Pearson-Faddeev-Takhtajan mode [21,22]. It is
known [21] that the momentum of this mode, q ∈ (−π, π], is related to the variable k by
q =
{
π − k, for 0 < q < π;
−k, for −π < q < 0.
(5.18)
This double degeneracy is induced by complex rapidities [24], whose net effect is to give
spin-1/2 to the excitations [22]. A certain explanation of this degeneracy will be given in
the case of the spin-1/2 XY chain below. Equation (5.17) implies that in terms of the
dressed energy (5.16), these hole-like excitations obey Fermi statistics at low temperatures.
In fact, by combining (5.17) with (4.2) and ρhµ = ρµwµ = ρµe
ǫ/T , we have the expression of
the entropy at low temperatures as
S
L
= −
1
2π
∫ π
−π
dq {f(εq) log f(εq) + [1− f(εq)] log[1− f(εq)]} (5.19)
with the Fermi distribution function
f(ε) =
1
1 + eε/T
. (5.20)
This result agrees with the free fermion descriptions of the XXX chain [25]. The entropy
(5.19) gives the specific heat C ∼= 2T/3 per volume at low temperatures. The resulting
specific heat is just the known exact specific heat [23,24]. Although we have dropped (string)
solutions with complex rapidities to the Bethe ansatz equations, we have been able to get
the correct low temperature behavior by taking into account the double degeneracy of the
magnon excitations induced by complex rapidities. Strictly speaking, the contributions to
the specific heat from the string solutions cannot be ignored at low temperatures. But the
total contribution [24] appear to be just doubled, due to the spin-1/2 character [22] of the
magnon excitations. This implies that the low energy excitations as quasiparticle can be
indeed described by the generalizad ideal gas of exclusons with real rapidities only.
C. Spin-1/2 Anisotropic (XXZ and XY) Chains
Next consider the spin-1/2 chains (5.1) with anisotropy −1 < ∆ < 1. Then the Bethe ansatz
equations are given by [27]
Lp(λℓ) = 2πIℓ −
M∑
m=1
Θ(λℓ, λm) (5.21)
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for the states with M down spins. Here
eip(λ) =
eiη − eλ
eiη+λ − 1
(5.22)
and
Θ(λℓ, λm) = −2 tan
−1
[
(cot η) tanh
(
λℓ − λm
2
)]
(5.23)
with ∆ = cos η, (0 < η < π). The energy eigenvalues are given by
E = −
M∑
ℓ=1
[∆− cos p(λℓ)] . (5.24)
Comparing (5.21) with (3.1), and using (3.12), we get the statistical interactions between
magnons as
g(λ, λ′) = δ(λ− λ′) +
1
2π
sin 2η
cosh(λ− λ′)− cos 2η
. (5.25)
Again, the ground state at T = 0 is a solution with all rapidities real [27], so that it coincides
with the ground state of a generalized ideal gas with above statistical interactions.
In the special case of the XY model, i.e., ∆ = 0 (η = π/2), we have
g(λ, λ′) = δ(λ− λ′). (5.26)
This implies that quasiparticles (magnons) obey Fermi statistics. Of course, this is consistent
with the well-known fact that the spin-1/2 XY chain can be transformed into a system of
free spinless fermions in one dimension by using the Jordan-Wigner transformation [28].
Note that −(π − η) < p(λ) < (π − η) ←→ −∞ < λ < +∞ from (5.22). In particular,
we have −π/2 < p(λ) < π/2 for the XY chain. Combining this with (5.24), (4.6) and (4.5),
we have the thermodynamic potential
Ω
L
= −
T
2π
∫ π/2
−π/2
dp log {1 + exp[cos p/T ]} (5.27)
for the XY chain. However this does not coincide with the known exact thermodynamic
potential [28] which is given by replacing the range of integral (5.27) to [−π, π]. One possible
reason for this discrepancy is that we have not taken into account solutions with complex
rapidities λℓ to the Bethe ansatz equations (5.21) [17]. But, as is well known, there is no
complex rapidity in the XY chain [28]. Where does this inconsistency come from ? The
answer is the following. In the procedure to take the XY limit ∆→ 0, we missed a double
degeneracy of the magnon excitations. Actually a more careful treatment taking into account
complex rapidities shows this double degeneracy in the the XY limit [29]. A similar situation
occurs also in the XXX chain at low temperatures [24]. Of course, a much simpler way to
get the exact result of the XY chain is to use the variable p instead of the rapidity λ. Then
one can easily obtain the exact result.
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VI. THE HUBBARD CHAIN
In this section we turn to the Hubbard chain. Our intention is to present an exclusonic
description for spin-charge separation, which is known to occur in this model with infinite
coupling at zero temperature [30]. We will demonstrate spin-charge separation under the
following two broader conditions: (i) The on-site Coulomb energy U is large but finite;
(ii) The temperature T is finite but sufficiently low compared to the order of the effective
exchange 1/U .
A. General Considerations
The Hamiltonian of the Hubbard chain is given by
H =
L∑
j=1
∑
σ=↑,↓
(c†j,σcj+1,σ + c
†
j+1,σcj,σ) + U
L∑
j=1
c†j,↑cj,↑c
†
j,↓cj,↓ (6.1)
with on-site Coulomb energy U and periodic boundary conditions cL+1,σ = c1,σ (σ =↑, ↓),
where c†j,σ, cj,σ are, respectively, the creation and annihilation operators for an electron with
spin σ at the site j.
For the Hubbard chain, Lieb and Wu [32] obtained the Bethe ansatz equations
Lkci = 2πI
c
i +
M∑
β=1
θ
(
2
U
sin kci − λ
s
β
)
, (i = 1, 2, · · · , N) (6.2)
and
−
N∑
j=1
θ
(
λsα −
2
U
sin kcj
)
= 2πIsα −
M∑
β=1
θ
(
λsα
2
−
λsβ
2
)
, (α = 1, 2, · · · ,M) (6.3)
with quasi-momenta {kci}
N
i=1 and rapidities {λ
s
α}
M
α=1 for (N −M) electrons with up spin and
M electrons with down spin. Here
θ(x) = −2 tan−1(2x). (6.4)
The energy eigenvalues are given by
E = −2
N∑
j=1
cos kcj . (6.5)
Comparing (6.2) and (6.3) with (3.1), we get
pc(k
c
i ) = k
c
i , (6.6)
ps(λ
s
α) = 0, (6.7)
θcc(k
c
i , k
c
j) = 0, (6.8)
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θcs(k
c
i , λ
s
β) = θ
(
2
U
sin kci − λ
s
β
)
, (6.9)
θss(λ
s
α, λ
s
β) = −θ
(
λsα
2
−
λsβ
2
)
, (6.10)
and
θsc(λ
s
α, k
c
j) = θ
(
λsα −
2
U
sin kcj
)
. (6.11)
Further, from (3.12), we have
gcc(k, k′) = δ(k − k′), (6.12)
gcs(k, λ) = −
4
πU
cos k
1 + 4 (2 sin k/U − λ)2
, (6.13)
gss(λ, λ′) = δ(λ− λ′) +
1
π
1
1 + (λ− λ′)2
(6.14)
and
gsc(λ, k) = −
1
π
2
1 + 4 (λ− 2 sin k/U)2
. (6.15)
Since in the ground state all kcj and λ
s
α are real [32], the ground state is the same as
that for a generalized ideal gas with two species with above statistical interactions. In ref.
[31] it has been shown that solutions with complex quasi-momenta and rapidities in the
Hubbard model correspond to gapful excitations. Therefore at low temperatures, we can
ignore thermal activations of such excitations and concentrate on solutions with only real
quasi-momenta and rapidities.
We note that our results for the Hubbard chain disagree with those in a previous paper
[14] on the same subject. The disagreement comes out from the incorrect procedure taken
in Ref. [14]. In the second equation of Eq. (4) in Ref. [14], the first and fourth terms cancel
each other exactly. Namely, the fourth term in R.H.S., −
∑M
β=1 ΛβδΛα,Λβ = −Λα, cancels the
first term. Therefore if one proceeds correctly, the first and fourth terms on the R.H.S. of
the second equation of (5) must also cancel. For the same reason, the first and fourth terms
on the R.H.S. of (9) should cancel as well. But surprisingly it is not the case in Ref. [14]:
Two originally cancelling terms become eventually non-cancelling!
B. Strong Coupling Expansion for the Hubbard Chain
It is well known that spin and charge degrees of freedoms are separated in the strong coupling
Hubbard chain at zero temperature [30]. To explore the possibility of a similar spin-charge
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separation at finite temperatures, we first perform the 1/U expansion for the thermodynamic
potential of the Hubbard chain.
To begin with, we will write down the explicit form of the thermodynamic potential Ω
of the Hubbard chain. Substituting the results of the statistical interactions in Section VIA
into the thermodynamic formulas (4.5) and (4.6) in Section IV, we have the thermodynamic
potential
Ω
L
= −
T
2π
∫ π
−π
dk log
[
1 + e−ǫc(k)/T
]
(6.16)
for the Hubbard chain, where ǫµ = logwµ are determined by the equations
ǫc(k) +
2T
π
∫ ∞
−∞
dλ′
1
1 + 4[λ′ − (2 sin k)/U ]2
log
[
1 + e−ǫs(λ
′)/T
]
= −2 cos k − ac, (6.17)
and
ǫs(λ)−
T
π
∫ ∞
−∞
dλ′
1
1 + (λ− λ′)2
log
[
1 + e−ǫs(λ
′)/T
]
+
4T
πU
∫ π
−π
dk
cos k
1 + 4[(2 sin k)/U − λ]2
log
[
1 + e−ǫc(k)/T
]
= 0. (6.18)
Now we proceed to the 1/U expansion. When we neglect higher orders than 1/U , the
equations (6.17) and (6.18) become
ǫc(k) = −2 cos k − ac −
2T
π
∫ ∞
−∞
dλ
1
1 + 4λ2
log
[
1 + e−ǫs(λ)/T
]
(6.19)
ǫs(λ) = −
2J
1 + 4λ2
+
T
π
∫ ∞
−∞
dλ′
1
1 + (λ− λ′)2
log
[
1 + e−ǫs(λ
′)/T
]
(6.20)
with the effective exchange integral
J =
2T
πU
∫ π
−π
dk cos k log
[
1 + e−ǫc(k)/T
]
. (6.21)
The equation (6.20) for ǫs corresponds to Eq. (5.8) of the spin-1/2 isotropic Heisenberg
chain, although ǫs and ǫc couple to each other.
Similarly we have the equations for the charge density ρc and the spin density ρs as
ρc(k)
[
1 + eǫc(k)/T
]
=
1
2π
+
1
πU
∫ ∞
−∞
dλρs(λ)
4
1 + 4λ2
cos k (6.22)
and
ρs(λ)
[
1 + eǫs(λ)/T
]
=
1
2π
N
L
4
1 + 4λ2
−
1
π
∫ ∞
−∞
dλ′ρs(λ
′)
1
1 + (λ− λ′)2
(6.23)
from (4.7), where N is the number of electrons. Here we have neglected higher orders than
1/U . Comparing (6.23) with (5.9) of the spin-1/2 isotropic Heisenberg chain, we obtain that
the number ρs of down spins per volume in the Hubbard chain is proportional to the number
of the electrons per volume.
Clearly, from (6.19)-(6.23), we conclude that the degrees of freedoms of spin and charge
parts still couple to each other at finite temperatures.
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C. Spin-Charge Separation in the Hubbard Chain at Low Temperatures
In this section, we will demonstrate that the spin-charge separation occurs in the strong
coupling Hubbard chain at low temperatures.
Consider the case with low temperatures T ≪ 1/U . That is to say, temperatures are
sufficiently low compared to the effective exchange J (6.21) which behaves as
J ∼=
2
πU
∫
D−
dk cos k[−ǫc(k)] (6.24)
at low temperatures. Here D− = {k|ǫc(k) < 0}. Then we have ǫs = O(1/U) from (6.20).
Note that ǫc (6.19) can be rewritten as
ǫc(k) = ǫ
(0)
c (k) + ǫ
(1)
c (6.25)
with
ǫ(0)c (k) = −2 cos k − ac (6.26)
and
ǫ(1)c = −
2T
π
∫ ∞
−∞
dλ
1 + 4λ2
log
[
1 + e−ǫs(λ)/T
]
. (6.27)
Here ǫ(1)c = O(1/U) due to the above ǫs = O(1/U).
From this observation, we devide the integral of (6.16) into two parts as
Ω
L
= I+ + I−, (6.28)
where
I± = −
T
2π
∫
D±
dk log
[
1 + e−ǫc(k)/T
]
, (6.29)
and the ranges of integration are: D+ =
{
k|ǫ(0)c (k) + ǫ
(1)
c } > 0
}
and
D− =
{
k|ǫ(0)c (k) + ǫ
(1)
c < 0
}
. Since ǫ(0)c >> ǫ
(1)
c = O(1/U) and T << 1/U , I± (6.29) are
given up to the order 1/U as
I+ ∼= −
T
2π
∫
D+
dk log
[
1 + e−ǫ
(0)
c (k)/T
]
, (6.30)
and
I− =
1
2π
∫
D−
dk
{
ǫ(0)c (k) + ǫ
(1)
c
}
−
T
2π
∫
D−
dk log
[
1 + e
{
ǫ
(0)
c (k)+ǫ
(1)
c
}
/T
]
∼=
N
L
ǫ(1)c +
1
2π
∫
D−
dkǫ(0)c (k)−
T
2π
∫
D−
dk log
[
1 + eǫ
(0)
c (k)/T
]
=
N
L
ǫ(1)c −
T
2π
∫
D−
dk log
[
1 + e−ǫ
(0)
c (k)/T
]
. (6.31)
15
where we have used the relation
∫
D−
dk/2π ∼= N/L which is derived from (6.22) at low
temperatures and for large U . Thus we have
Ω
L
∼= −
T
2π
∫ π
−π
dk log
[
1 + e−ǫ
(0)
c (k)/T
]
+
N
L
ǫ(1)c
=
Ωc
L
−
N
L
2T
π
∫ ∞
−∞
dλ
1 + 4λ2
log
[
1 + e−ǫs(λ)/T
]
(6.32)
for the thermodynamic potential Ω (6.16) up to the order 1/U , where we have used (6.27),
and the thermodynamic potential Ωc of the charge part is given by
Ωc
L
= −
T
2π
∫ π
−π
dk log
[
1 + e−ǫ
(0)
c (k)/T
]
. (6.33)
Thus the thermodynamic potential Ω of the Hubbard chain can be written as the sum
of the charge and the spin parts
Ω
L
∼=
Ωc
L
+
N
L
Ωs
N
, (6.34)
where
Ωs
N
= −
T
2π
∫ ∞
−∞
dλ
4
1 + 4λ2
log
[
1 + e−ǫs(λ)/T
]
, (6.35)
which is identical to the thermodynamic potential (5.7) of the spin-1/2 isotropic Heisenberg
chain. Eq. (6.34) is an indication of charge-spin separation.
VII. EXACTLY SOLVABLE MODEL IN HIGHER DIMENSIONS
So far we have discussed the models in one dimension to which the Bethe ansatz approach is
applicable. In two dimensions, it is known that the quasiparticles of the fractional quantum
Hall liquid are anyons. They can also be considered to be exclusons. [3] In this section we
present an example of mutual exclusion between different species in an exactly solvable model
in higher dimensions, that exhibits charge-spin separation under certain circumstances. This
clearly shows that exclusion statistics is conceptually different from anyon statistics whose
existence requires two (spatial) dimensions.
Recently two of us [12] and Baskaran [33] have proposed a model of interacting electrons
that can be solved exactly in any dimensions. The Hamiltonian is
H = −
∑
〈i,j〉
c†i,σcj,σ + h.c. +
U
Ld
∑
i,j,ℓ,m
δi+j,ℓ+mc
†
i,↑cj,↑c
†
ℓ,↓cm,↓ −
∑
i,σ
(µ+ σµ0h)c
†
i,σci,σ, (7.1)
where 〈i, j〉 represents nearest neighbors in d dimensions, and Ld is the total number of
lattice sites, µ the chemical potential, µ0 the magnetic moment and h the external magnetic
field.
This model is unrealistic in the sense that the interaction term with coefficient U is
of infinite-ranged in real space and of strength independent of distance. (Note that the
noninteracting electon models are even more unrealistic since they neglect the long-range
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Coulomb.) It, however, has an attractive feature of being exactly solvable. In fact, it can
be easily diagonalized for each k in momentum space. All the properties including the
thermodynamic quantities were obtained in [12]. Furthermore it is remarkable that this
model exhibits a number of important features of the correlated electron problems in spite
of its simplicity and unrealistic nature. It exhibits, for example, the Mott metal-insulator
transition that was stressed by two of us [12] and Continentino and Coutinho-Filho [34].
The zero temperature phase diagram of this model in any dimensions is shown in Fig. 1. It
has both the fixed-density and density-driven Mott transitions. These transition in general
may be in different universal classes [35,36]. The critical exponents of the two types of
transitions are, however, the same in the present model and they seems to be in the same
universality class [34]. In the zero temperature phase diagram Fig.1, the region OBC is
a Mott insulator phase with half filled band. The rest is metallic phases. In the region
OABC, a double occupancy is prohibited and, as we will show, the system can be described
by an excluson picture. There is a Fermi surface of the excluson gas in the region OAB ,
and on the phase transition line OB is a quantum phase transition of the excluson gas. On
the other hand, the excluson description breaks down on the phase transition line BC. The
region outside OABC is a metallic phase which is described by the two species of fermions
(spin up and spin down electrons) as it should be.
Let us concentrate on the region OAB. Assume that U is large and T is low, so that U
is much larger than both T and the band width [37]. Under these conditions, there is no
activation of doubly occupied states, therefore there are only three states (0,1 and 2) for
each momentum k. In the state 0 there is no electron, the state 1 an electron with spin up,
and the state 2 an electron with spin down. Let us denote the number of charges as Nc and
the number of magnons (number of spin-down) as Ns. We regard Nc and Ns as independent
variables (spin-charge separation). By definition, the state 0 has Nc = 0 and Ns = 0, the
state 1 Nc = 1 and Ns = 0 and the state 2 Nc = 1 and Ns = 1 (See table I). Then from
(2.2), we easily derive
Gc = 1 , Gs = 0, (7.2)
and [
gcc gcs
gsc gss
]
=
[
1 0
−1 1
]
. (7.3)
It is easy to verify that the condition for the ideal excluson gas (2.4) is satisfied, so that
the system with doubly occupied states suppressed can be described as a generalized ideal
gas with two (charge and magnon) species with the statistical interaction given by (7.3).
Note the nontrivial value −1 for mutual statistics gsc; i.e. the presence of a charge can creat
a magnon state, though there is no bare available single magnon state (Gs = 0) when there
is no charge. It is straightforward to check that the thermodynamics of the generalized ideal
excluson gas obtained from Eqs. (2.6) and (2.8) is identical to the result of Ref. [12] in the
low temperature limit.
Indeed, in the present case, the species index µ = c, s, and the state index j is the
momentum k in d-dimensional space. Equation (2.8) now takes the form
Ω = −T
∑
µ
∫
ddk
(2π)d
log
[
1− nµ(k)−
∑
ν gµνnν(k)
1−
∑
ν gµνnν(k)
]
, (7.4)
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where nµ(k) is the occupation number distribution function of the charge (µ = c) or spin
(µ = s) excitations in k-space. From Eqs. (2.5) and (2.6), we have
nc(k)[1 + wc(k)] = 1, ns(k)[1 + ws(k)] = nc(k), (7.5)
where the statistics matrix (7.3) has been used , and wc(k), ws(k) satisfy
wc(k)
1 + ws(k)
ws(k)
= e(ǫc(k)−µc)/T , (7.6)
ws(k) = e
(ǫs(k)−µs)/T , (7.7)
where ǫc(k) = −2
∑d
α=1 cos(kα), ǫs = 2µ0h (the energy of spin excitation, which is actually
measured relative to the energy of spin-up electrons), and
µc = µ+ µ0h, µs = 0. (7.8)
Thus
wc(k) =
e(ǫc(k)−µc)/T
1 + e−(ǫs(k)−µs)/T
. (7.9)
Substituting Eqs. (7.9), (7.7), and (7.5) into (7.4), we obtain
Ω = −T
∫
ddk
(2π)d
log
[
1 + (eµ0h/T + e−µ0h/T )e(µc−ǫc)/T
]
= −T
∫ ddk
(2π)d
log
[
1 + e−(ǫ1(k)−µ)/T + e−(ǫ2(k)−µ)/T
]
, (7.10)
where ǫ1(k) = ǫc(k) − µ0h, and ǫ2(k) = ǫc(k) + µ0h are the energy of spin-up and spin-
down electrons respectively. Equation (7.10) is nothing but the result of Ref. [12] in the low
temperature limit. (Remember that here we consider the case with large U and low T , so
that doubly occupied states are suppressed.)
Here we emphasize that the concept of spin-charge separation is crucial. The effects that
spin and charge excitations are not actually independent of each other have been taken care
of by the statistical interaction or mutual statistics between them in the present formulation.
It seems to us that similar situations may happen in other strongly correlated systems that
exhibit charge-spin separation in higher dimensions. We finally note that our treatment for
the exactly solvable models in higher dimensions disagrees with that in a previous paper
[14] on the same subject.
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FIGURES
FIG. 1. Phase diagram of the exactly solvable model in higher dimensions at T = 0.
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TABLES
TABLE I. Electronic states and spin charge labels
Electronic State Label Nc: Charge Ns: Magnon
0 0 0 0
↑ 1 1 0
↓ 2 1 1
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